The present study seeks to understand and predict droplet retention on smooth hydrophobic surfaces. The droplet shape and the advancing and receding contact angles are experimentally measured as a function of droplet size under the action of a gravitational force at different inclination angles. The advancing and receding contact angles are correlated with static contact angle and Bond number. A Volume of Fluid -Continuous Surface Force model with varying contact angles along the triple contact line is developed to predict droplet shape. The model is first verified against a twodimensional analytical solution. It is then used to simulate the shape of a sessile droplet on an incline at various angles of inclination and to determine the critical angle of inclination as a function of droplet size. Good agreement is found between experimental measurements and predictions. The contact line profile and contact area are also predicted. The contact area predictions based on a spherical-cap assumption are compared to the numerical predictions and are found to underpredict the droplet contact area.
INTRODUCTION
Droplets are widely encountered in various cooling applications, such as mist cooling [1, 2] , spray cooling [3, 4] , and even in traditional air conditioning and refrigeration applications involving dropwise condensation [5] .
Emerging cooling techniques based on electrowetting propose to use droplet motion to transport heat [6] [7] [8] .
Although many analytical, experimental and numerical studies [9] have explored droplet motion, the mechanics of the droplet while it is still in its static state, and just before motion starts, are not well understood. A study of static droplets would shed light on the threshold voltage [10] (or critical inclination) for initiating electrically (or gravitationally) induced droplet motion.
Before an actuated droplet begins to move, the droplet shape changes such that the forces acting at the triple contact line balance the actuation forces. These contact line forces are governed by the contact angles along the contact line. Macdougall and Ockrent [11] performed simple stage-tilting experiments and showed that contact line forces could be described in terms of contact angles and surface tension. Frenkel [12] arrived at a similar formula for contact line forces using energy methods. Later experimental studies have proposed various correction factors to these formulae [13] [14] [15] [16] [17] . A more basic approach to finding the retention force was adopted by ElSherbini and Jacobi [18] [19] [20] who studied sessile droplets on a slope both experimentally and theoretically.
The contact line force was calculated based on an experimentally measured azimuthal contact angle variation around the droplet available in the literature [17] . A third-order polynomial curve fit was shown to describe the azimuthal variation of contact angle. The vertical cross-sectional profile of the drop was predicted by the twocircle method sharing a common tangent at the top of the droplet, while the triple contact line was approximated by an ellipse. The volume of the droplet was calculated by integrating the droplet profile around the circumference of the base [18] . In follow-up papers [19, 20] , this droplet profile model was used to predict the condensate retained on plain-fin heat exchangers. The maximum diameter of the droplets was predicted based on the force balance between gravity and contact line forces. The total retained condensate mass per unit area was predicted with advancing contact angle and angle of inclination as inputs.
3
Energy-minimization techniques have been widely used to model the static droplet shape on an incline [12, [21] [22] [23] [24] [25] . Two-dimensional droplets were initially modeled using energy-based methods by Frenkel [12] and later by Merte and co-workers [21, 22] . Frenkel provided upper bounds on the critical inclination for droplet sliding, whereas Merte and co-workers obtained 2D droplet shapes and receding contact angles with the advancing angle and critical droplet size provided as inputs. This analysis was extended to realistic, threedimensional droplets by other researchers [23] [24] [25] . Iliev [25] obtained similar results with an equilibrium variational approach for three-dimensional droplets. The azimuthal variation of the contact angle was not provided. Milinazzo and Shinbrot [23] obtained the contact angle variation along the triple contact line as a function of Bond number, with the contact line assumed to be circular. They predicted a continuous azimuthal variation of the contact angle. Dimitrakopoulos and Higdon [24] numerically studied the critical condition for droplet stability and motion. The equilibrium shape was obtained from an optimization exercise. Additionally, the azimuthal variation of the contact angle along the triple contact line was also obtained from the simulations.
The variation obtained was a step function from the advancing angle to the receding angle, with the transition occurring linearly between azimuthal angles of 45° to 90°. In spite of significant advances in energy-based techniques, internal fluid motion cannot be included in the model, and hence such techniques cannot provide insight into the physics of the droplet motion as it just starts to move.
Manna et al. [26] used stochastic simulations to model the shape of a 2D droplet on a vertical wall. The critical droplet size for sliding off the wall was captured, but the model was not extended to realistic 3D droplets.
Brown et al. [27] used a finite element approach to model the 3D shapes of droplets on a slope as a function of the volume and angle of inclination. The contact angles around the droplet were obtained from the simulation.
The drop was assumed to be pinned to the solid surface with a circular contact line. In reality, the droplet shape is not always circular, but instead, changes with the angle of inclination of the surface. Hence the assumption of a circular contact line is unrealistic.
Accurate force models need to be developed for static droplets, and the correct azimuthal variation of the contact angle along the contact line of the drop must be obtained. This requires a full three-dimensional simulation of the droplet, for which a Volume of Fluid (VOF) model combined with a Continuous Surface Force (CSF) representation of surface tension, is a suitable approach. The VOF model has been previously used in related problems, such as in the prediction of droplet splashing [28] [29] [30] [31] , transport through channels and columns [32] [33] [34] [35] and recently, droplet motion [36] . It has been shown that a VOF approach in combination with static contact angle (SCA) models does not accurately predict the interface motion [29, 32] . Hence various dynamic contact angle (DCA) models have been implemented. vanMourik et al. [33] compared the predictions of the interface motion in a tube under a changing gravitational force using various contact angle models in the VOF framework and found that Blake's theoretical model [37] predicted the experiments best followed by that of Seebergh and Berg [38] .
In the present work, we address the prediction of the critical angle of inclination at which a droplet on an inclined plane begins to slide. A schematic diagram of the droplet and the associated terminology is provided in Figure 1 . We employ the VOF-CSF model, with the contact angle variation along the contact line being specified as an input. The model employs advancing and receding contact angles obtained from experiments conducted for the purpose as part of this work. The VOF simulation is then used to predict the critical angle of inclination at which sliding commences. Predictions of the critical angle of inclination so obtained are validated against our experimental measurements.
NUMERICAL MODEL
In the current work the VOF-CSF model in FLUENT [39] is used. A custom contact-angle model is implemented using user defined functions to capture the azimuthal contact angle variation.
VOF-CSF Method
In the VOF method, the flow of non-interpenetrating fluids is simulated by solving a single set of NavierStokes equations and tracking the volume fraction (α) of one or more secondary fluids in the entire domain. The volume fraction of the secondary phase (s) is obtained by solving the continuity equation for this phase:
The volume fraction of the primary phase (p) is calculated from:
The shape of the interface is necessary to accurately calculate the advective and diffusive terms of the continuity equation in the finite volume formulation. For this purpose, Young's Geometric Reconstruction Scheme [40] , which is based on piecewise-linear reconstruction of the interface in a partially-filled cell, is used. Further details of the implementation may be found in the FLUENT manual [39] .
The momentum equation is solved for the average velocity of the mixture, and the influence of multiple phases appears through the phase fraction-dependent local properties of the material in each cell.
where ρ is the density of the fluid, µ is the viscosity of the fluid. Here, the gravitational acceleration is specified as cos sin g g i g j
 
, as shown in Figure 1 . Physical properties such as density and viscosity are volumeaveraged as follows:
where subscripts p and s represent the primary and secondary phases, respectively. When only two phases exist, the volumetric force F in Eq. (3) is given in the CSF formulation by:
Here σ is the surface tension coefficient between primary and secondary phases, s  is the interface curvature for the secondary phase given by Brackbill et al. [41] to be:
In Eq. (7), n is the unit normal vector. The normal is obtained based on the volume fraction gradient given by:
The interface shape at the triple line, where the two phases meet the wall, is imposed by specifying n through the specification of the contact angle as:
where ˆw n and ˆw t are the unit vectors normal and tangential to the wall directed into the secondary fluid and wall.
Contact Angle Models
The VOF-CSF model requires contact angles to be specified as a boundary condition, and therefore an accurate specification of azimuthal contact angle variation is necessary. ElSherbini and Jacobi [17] summarized the contact angle functions predicted by earlier researchers (as shown in Figure 2 ). The contact angle variation predictions vary over a wide range but the important information is in the functional form of the variation. To obtain the functional form of the contact angle models included in Figure 2 , the contact angle is normalized as follows:
(10) Figure 3 shows the normalized contact angle variation. All the contact angle variations, except that in [24] which features a step function with a linear change, show a third-order polynomial variation. The third-order fit by El Sherbini and Jacobi [17] is a widely used, experimentally verified functional form for the contact angle, and is used in this study as well. The fit is given by:
The inputs to the fit are the maximum and minimum contact angles, at the particular angle of inclination. shown in Figure 4 , along with the mesh in the background. Acceleration due to gravity is applied throughout the domain and is based on the angle of inclination of the surface being simulated. A no-slip boundary condition is specified at the bottom wall, while the remaining domain boundaries are specified-pressure boundaries set at a gauge pressure of zero. Utilizing droplet symmetry about the x-y plane (z = 0), only half of the domain is modeled and the results mirrored for presentation. On boundaries at which flow enters the calculation domain, the specified pressure is treated as the stagnation pressure; at outflow boundaries, the specified pressure is assumed to be the static pressure [39] .
The third-order polynomial contact angle model discussed above (Eq. (11)) is implemented as a contact angle boundary condition on the contact line in the VOF-CSF model through user-defined functions (UDFs) in
FLUENT. The inputs to the contact angle function, which are the maximum and minimum contact angles, are the experimentally measured advancing and receding angles at the particular angle of inclination (as discussed in Section 3).
Droplet Simulations
Two types of simulations are performed: (i) computation of the inclination angle corresponding to a sessile droplet on the incline, and (ii) computation of the critical angle of inclination corresponding to critically sliding droplets. We explain each in turn below.
All computations in this work are performed by specifying a priori the contact angle variation along the contact line. For sessile droplets, this variation is obtained from experiments by placing a droplet on an incline whose slope is too small to allow sliding, and measuring the advancing and receding contact angles for that inclination. Further details regarding the experimental procedure are provided in Section 3.3.2. Each inclination angle corresponds to a unique pair of advancing and receding contact angles. In the corresponding numerical simulation, we start by specifying the contact angles, and the corresponding gravity vector. If these values are self-consistent in the numerical simulation, the droplet will remain stationary. If they are not, the droplet will move up the incline if contact line forces overwhelm gravity, or down the incline if the reverse is true. The inclination angle  is varied in 1° increments until the droplet is rendered immobile. This is the static angle of inclination,  static , for the unique pair of advancing and receding contact angles.
A similar procedure is adopted to determine the critical angle of inclination, i.e., the angle of inclination for which the droplet just begins to slide down the incline. In this case, the contact angles specified in the simulation are taken from experiments at the critical inclination, i.e., the inclination at which the droplet just begins to slide in the experiment. In the simulation, the droplet leading and trailing edge locations on the incline are monitored.
The droplet is considered to be in sliding mode when the edge locations are moving down the incline. If the droplet is seen to be stationary at a given inclination, the angle of inclination is incremented by 1° by changing the components of the acceleration due to gravity appropriately. The process is continued until the droplet slides Figure 5 ). The corresponding advancing and receding contact angles are shown graphically in Figure 6 . As β increases, the advancing contact angle increases and the receding contact angle decreases in order to balance the increased gravitational force. This effectively increases contact angle hysteresis, i.e., the difference between the advancing and receding contact angles, which is also plotted in Figure 6 . 
Critical Sliding Droplets
The critical inclination is determined experimentally by increasing the angle of inclination in small increments starting from the horizontal, with the help of a manual tilting stage. Repeatability of the results was confirmed and the uncertainty in the measured critical angle of inclination was less than 0.5°. The critical surface inclination (β crit ) for droplet sizes of 4 µl and 8 µl was 18.8° and 12.8°, respectively. The larger droplets slide off at a smaller angle of inclination.
Advancing and Receding Contact Angles
The contact angle models require the advancing and receding contact angles to be provided as inputs.
Hence, the dependence of these contact angles on liquid/air surface tension, droplet size, surface inclination and surface/liquid interaction needs to be determined a priori. The static contact angle θ 0 , i.e., the value for zero angle of inclination, describes the baseline surface/liquid interaction. The rest of the parameters mentioned above may be represented by the Bond number, which is the ratio of gravitational to surface tension forces and is given by:
where σ is the surface tension, D is the diameter of the droplet when the inclination is horizontal, g is acceleration due to gravity and β is the angle of inclination.
Previous studies [13, 17] 
The correlation coefficients (R 2 values) for the fits are 0.92 and 0.97, respectively. Given the static contact angle and the Bond number, the contact angles can be predicted from Eq. (13) and (14) . These equations are also used to validate the numerical model; the model is then applied to predict the droplet shape, contact line shape and contact area. 
Numerical Results and Comparison with Experiments
The numerical simulations are first verified by comparing two-dimensional sessile droplet computations against analytical results. Simulations of three-dimensional sessile and critical droplets are then validated against experiments.
2D Droplet -Analytical Verification
In order to verify the numerical analysis, a two-dimensional droplet is first considered, as shown in Figure   8 (a). A two-dimensional semicircular droplet of radius R rests on a horizontal surface. A horizontal body force acts on the droplet with an equivalent acceleration due to gravity of g static pointing to the right. The droplet attains an equilibrium shape with contact angles on the left and right edges reaching θ rec and θ adv , respectively.
The conditions for the computation are given in Table 1 .
The analytical solution for a 2D sessile droplet under the influence of a body force is given by a balance of surface tension and body forces, as shown in the free-body diagram in Figure 8 (15) is not satisfied by the numerical simulation, the droplet will either move up or down the incline depending on whether the left hand side or the right hand side dominates.
Numerical results from the 2D droplet simulations are shown in Figure 8(b-c) . The droplet is seen to move to the left when the gravitational acceleration is less than g (i.e., Bo < Bo static ) and is seen to move to the right when it is greater than g (Bo > Bo static ), in agreement with the analytical solution.
3D Droplet on Incline -Experimental Validation
The numerical model developed in this work is employed next to study 3D sessile droplets on an incline.
The experimentally measured advancing and receding contact angles at a given inclination of the surface are used in the contact angle model (Eq. (11)). With the specified contact angles, the angle of inclination is varied in the numerical model and the angle of inclination at which the droplet is stable and stationary is predicted. The reported inclination angle is this numerical value. If the simulation result is consistent with the experiment, i.e., the numerical force balance is accurate, the simulated droplet must remain stationary at the same angle of inclination as the experiment. The properties of water [39, 45] and ethylene glycol [39, 46] used in the simulations are given in Table 2 .
To understand the effect of droplet volume on the angle of inclination, results for different droplet volumes are compared at a fixed angle of inclination (β = 10°) in Figure 9 . The inputs to the numerical model are the experimentally measured static advancing and receding contact angles for different droplet volumes which are also listed on the x-axis. The uncertainty, defined by the step change in the angle of inclination between simulations, is 1° and is shown as error bars in the figure. Also shown is the experimental uncertainty. The numerical predictions are all within an error band of 1° of the experimental inclination value of  = 10°.
A comparison between experiments and numerical simulations for fixed droplet volume at various inclinations is shown in Figure 10 . As the angle of inclination is increased in the experiments, the advancing angle increases and the receding angle decreases. Again, the comparison between the experiments and simulations is within the error bar of 1 o in the simulated inclination angle.
Another important comparison for validation is the predicted and measured droplet shape of the sessile droplet. Figure 11 shows the droplet shape for a 10 µl water droplet at a 10° inclination. The color contour shows the predicted droplet shape whereas the dark outline shows the measured shape. The shape of the predicted droplet is defined as that of the α = 0.5 volume fraction surface. The experimental droplet shape was obtained by post-processing the data with MATLAB [44] using the Canny edge detection method [47] . The comparisons show excellent agreement between the numerical predictions and experimental measurements.
Critical Angle of Inclination
The numerical model is now used to predict the critical angle of inclination. Again, the inputs are the advancing and receding contact angles at the critical inclination from experiment. Figure 12 
Droplet Contact Line Shape and Contact Area
The predicted contact line shapes for sessile water droplets of different droplet volumes at β = 10 o are shown in Figure 13 . The contact line based on a spherical-cap assumption is also shown in the figure with dashed lines.
The shape of the spherical cap is obtained by matching the experimental droplet volume to the region of a sphere above a plane and experiencing a contact angle with the plane equal to the static contact angle. The variation with inclination was found to be negligible and hence is not shown separately. This is due to the low Bond numbers, which imply that the droplet shape is governed by surface tension forces rather than body forces. From the figure, it is evident that the droplet contact area is almost circular, which agrees with the low Bond number argument. The associated contact areas and lengths of the droplets for various droplet volumes are given in Table 3 . The contact length/diameter and contact area of the corresponding spherical cap are also shown in the The spherical-cap assumption underpredicts the droplet length and contact area by 7.7% and 3.5%, respectively, compared to the numerical predictions. This is due to the stretching of the droplet in the predictions due to the body forces acting along the incline, which is not accounted for in the spherical-cap model. 
